
Matemática Discreta
Unidade 5: Piso e Teto (1)

Renato Carmo
David Menotti

Departamento de Informática da UFPR
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Definições

piso de x : maior inteiro ≤ x bxc := max {z ∈ Z | z ≤ x}
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Teorema 8

bxc é o único inteiro que satisfaz

x − 1 < bxc ≤ x

Demonstração.

1. {y ∈ R | x − 1 < y ≤ x}
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2. todo inteiro maior que z também é maior que x

3. z é o maior inteiro ≤ x

4. z = bxc

xx − 1 z z + 1
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3. z é o maior inteiro ≤ x

4. z = bxc

xx − 1 z

z + 1



Teorema 8
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3. z é o maior inteiro ≤ x

4. z = bxc

xx − 1 z z + 1



Teorema 8
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Teorema 9

dxe é o único inteiro que satisfaz

x ≤ dxe < x + 1

Demonstração.
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Exerćıcio 36

n

2
< 2blg nc ≤ n ≤ 2dlg ne < 2n

blg nc ≤ lg n ≤ dlg ne

lg n − 1 < blg nc ≤ lg n ≤ dlg ne < lg n + 1 (T. 8 e 9)

2lg n−1 < 2blg nc ≤ 2lg n ≤ 2dlg ne < 2lg n+1 2x é função crescente

n × 2−1 < 2blg nc ≤ n ≤ 2dlg ne < n × 21 (2lg n = n)
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Exerćıcio 36

n

2
< 2blg nc ≤ n ≤ 2dlg ne < 2n

blg nc ≤ lg n ≤ dlg ne

lg n − 1 < blg nc ≤ lg n ≤ dlg ne < lg n + 1 (T. 8 e 9)

2lg n−1 < 2blg nc ≤ 2lg n ≤ 2dlg ne < 2lg n+1 2x é função crescente
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Corolário 10

bxc+ z = bx + zc , para todo x ∈ R, z ∈ Z

Demonstração.

1. x − 1 < bxc ≤ x (T. 8)

2. (x − 1) + z < bxc+ z ≤ x + z

3. (x + z)− 1 < bxc+ z ≤ x + z

4. bxc+ z é inteiro

5. bxc+ z = bx + zc (T. 8)
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5. bxc+ z = bx + zc (T. 8)



Corolário 10

bxc+ z = bx + zc , para todo x ∈ R, z ∈ Z

Demonstração.

1. x − 1 < bxc ≤ x (T. 8)

2. (x − 1) + z < bxc+ z ≤ x + z

3. (x + z)− 1 < bxc+ z ≤ x + z

4. bxc+ z é inteiro
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Teorema 11

−dxe = b−xc , para todo x ∈ R

Demonstração.

1. x ≤ dxe < x + 1 (T. 9)

2. −x ≥ −dxe > −(x + 1)

3. (−x)− 1 < −dxe ≤ −x
4. −dxe é inteiro

5. −dxe = b−xc (T. 8)
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z − bxc = dz − xe , para todo x ∈ R, z ∈ Z

Demonstração.

z − bxc = −(bxc − z)

T. 10
= −bx − zc

T. 11
= d−(x − z)e

= dz − xe
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Teorema 13

min {k ∈ Z | k > x} = bxc+ 1

, para todo x ∈ R

Demonstração.

1. x ∈ R
2. m := min {k ∈ Z | k > x}
3. x < m ≤ x + 1 (único inteiro nesse intervalo)

4. (x + 1)− 1 < m ≤ (x + 1)

5. m = bx + 1c (T. 8)

6. m = bxc+ 1 (T. 10)
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