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Sequências sem Repetição

A: conjunto finito

quantas sequências de tamanho k sobre A sem elementos repetidos?

Ak := sequências sobre A de tamanho k sem elementos repetidos

também conhecidas por

arranjos sem repetição de k elementos de A

amostras ordenadas sem reposição de tamanho k do conjunto A
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Prinćıpio Multiplicativo

n = |A|

(a1, a2, . . . , ak) ∈ Ak

a1: n escolhas

a2: n − 1 escolhas

. . .

ak : n − (k − 1) escolhas

|Ak | = n(n − 1) . . . (n − k + 1) =
k−1∏
i=0

(n − i) =
n∏

i=n−k+1

i = nk =
n!

(n − k)!
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Prinćıpio Multiplicativo

n = |A|

(a1, a2, . . . , ak) ∈ Ak

a1: n escolhas

a2: n − 1 escolhas

. . .

ak : n − (k − 1) escolhas

|Ak | = n(n − 1) . . . (n − k + 1) =
k−1∏
i=0

(n − i) =
n∏

i=n−k+1

i = nk

=
n!

(n − k)!
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Argumento Indutivo

a ∈ A

Ak,a := sequências de Ak que começam com a

F : [n]k → [n]: F (a1, . . . , ak) = a1

F−1(i) = [n]k,i
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|[n]k |
C. 46

=
∑

i∈F ([n]k )

∣∣F−1(i)
∣∣ =

∑
i∈[n]

|[n]k,i |

Gi : [n]k,i → ([n]− {i})k−1: Gi (a1 = i , a2, . . . , ak) = (a2, . . . , ak)

G é bijetora

|[n]k,i | = |[n − 1]k−1|
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G é bijetora

|[n]k,i | = |[n − 1]k−1|



Argumento Indutivo

|[n]k |
C. 46

=
∑

i∈F ([n]k )

∣∣F−1(i)
∣∣

=
∑
i∈[n]

|[n]k,i |

Gi : [n]k,i → ([n]− {i})k−1: Gi (a1 = i , a2, . . . , ak) = (a2, . . . , ak)
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Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1)

f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0)

= |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0|

= 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1

[n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i)

= f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u

= min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0}

= k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k)

= f (n − k, k − k)nk = f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk

= f (n − k , 0)nk = nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk

= nk



Recorrência

|[n]k | = n |[n − 1]k−1|

f (n, k) := |[n]k |

f (n, k) = nf (n − 1, k − 1) f (n, 0) = |[n]0| = 1 [n]0 = {()}

f (n, k)
T. 29

= f (n − u, k − u)
u−1∏
i=0

(n − i) = f (n − u, k − u)nu

u = min {i ∈ N | k − i ≤ 0} = k

f (n, k) = f (n − k, k − k)nk = f (n − k , 0)nk = nk



Teorema 60

o número de sequências sem elementos repetidos de tamanho k sobre um conjunto de
n elementos é nk
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|Ak | = |A|k



Corolário 61

o número de sequências sem elementos repetidos de tamanho k sobre um conjunto
finito A é |A|k
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Corolário 63

existem nk maneiras de distribuir k bolas distintas por n urnas distintas de maneira
que nenhuma urna receba mais que uma bola
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