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Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n

: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k

satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5

: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5)

, (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4)

, (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3)

, (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2)

, (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1)

, (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0)

,
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4)

, (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3)

, (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2)

, (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1)

, (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0)

, (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3)

, (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2)

, (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1)

, (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0)

,
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2)

, (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1)

, (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0)

, (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1)

, (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0)

, (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Composições Fracas de Inteiros

n ≥ k ∈ N

k-composição fraca de n: sequência (x1, . . . , xk) ∈ [0..n]k satisfazendo
k∑

i=1

xi = n

3-composições fracas de 5: (0, 0, 5), (0, 1, 4), (0, 2, 3), (0, 3, 2), (0, 4, 1), (0, 5, 0),
(1, 0, 4), (1, 1, 3), (1, 2, 2), (1, 3, 1), (1, 4, 0), (2, 0, 3), (2, 1, 2), (2, 2, 1), (2, 3, 0),
(3, 0, 2), (3, 1, 1), (3, 2, 0), (4, 0, 1), (4, 1, 0), (5, 0, 0)

Quantas k-composições fracas admite um inteiro n?



Quantas k-composições fracas admite um inteiro n?

k-composição fraca de n: x1 + x2 + . . . + xk = n
1 + 1 + . . . + 1 = k

x1 + 1 + x2 + 1 + . . . + xk + 1 = n + k

bijeção: k-composições fracas de n ∼ k-composições de n + k



Quantas k-composições fracas admite um inteiro n?

k-composição fraca de n

: x1 + x2 + . . . + xk = n
1 + 1 + . . . + 1 = k

x1 + 1 + x2 + 1 + . . . + xk + 1 = n + k

bijeção: k-composições fracas de n ∼ k-composições de n + k



Quantas k-composições fracas admite um inteiro n?

k-composição fraca de n: x1 + x2 + . . . + xk = n

1 + 1 + . . . + 1 = k
x1 + 1 + x2 + 1 + . . . + xk + 1 = n + k

bijeção: k-composições fracas de n ∼ k-composições de n + k



Quantas k-composições fracas admite um inteiro n?

k-composição fraca de n: x1 + x2 + . . . + xk = n
1 + 1 + . . . + 1 = k

x1 + 1 + x2 + 1 + . . . + xk + 1 = n + k

bijeção: k-composições fracas de n ∼ k-composições de n + k



Quantas k-composições fracas admite um inteiro n?

k-composição fraca de n: x1 + x2 + . . . + xk = n
1 + 1 + . . . + 1 = k

x1 + 1 + x2 + 1 + . . . + xk + 1 = n + k

bijeção: k-composições fracas de n ∼ k-composições de n + k



Quantas k-composições fracas admite um inteiro n?

k-composição fraca de n: x1 + x2 + . . . + xk = n
1 + 1 + . . . + 1 = k

x1 + 1 + x2 + 1 + . . . + xk + 1 = n + k

bijeção

: k-composições fracas de n ∼ k-composições de n + k



Quantas k-composições fracas admite um inteiro n?

k-composição fraca de n: x1 + x2 + . . . + xk = n
1 + 1 + . . . + 1 = k

x1 + 1 + x2 + 1 + . . . + xk + 1 = n + k

bijeção: k-composições fracas de n

∼ k-composições de n + k



Quantas k-composições fracas admite um inteiro n?

k-composição fraca de n: x1 + x2 + . . . + xk = n
1 + 1 + . . . + 1 = k

x1 + 1 + x2 + 1 + . . . + xk + 1 = n + k

bijeção: k-composições fracas de n ∼ k-composições de n + k



Teorema 77

existem
(n+k−1

k−1

)
k-composições fracas de n



Teorema 77

existem
(n+k−1

k−1

)
k-composições fracas de n



Composições fracas, bolas e urnas

k-composições fracas de n ∼ distribuição de n bolas idênticas por k urnas distintas



Composições fracas, bolas e urnas

k-composições fracas de n

∼ distribuição de n bolas idênticas por k urnas distintas



Composições fracas, bolas e urnas

k-composições fracas de n ∼ distribuição de n bolas idênticas por k urnas distintas



Corolário 78

existem
(n+k−1

k−1

)
maneiras de distribuir n bolas idênticas por k urnas distintas



Corolário 78

existem
(n+k−1

k−1

)
maneiras de distribuir n bolas idênticas por k urnas distintas


