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Abstract. Sample complexity theory has been used to design efficient approx-
imation algorithms for computing graph parameters, such as betweenness
centrality and clustering coefficient. The Rich-Club coefficient ϕ(k) quan-
tifies the density of edges among vertices with degree greater than k. Us-
ing sample complexity theory, we present a (p, ε)-relative approximation al-
gorithm for the problem of determining ϕ(k) for all k. That is, given pa-
rameters 0 < p, ε, δ < 1, our algorithm returns, with probability at least
1 − δ, an estimate ϕ̂(k) with relative error at most ε for every k such that
ϕ(k) ≥ σk(p), where σk(p) denotes a threshold function. The algorithm runs
in time O

(
∆
ε2p

(
log∆ log 1

p
+ log 1

δ

)
+ n+m

)
, improving over the exact ap-

proach, which requires O(∆m) time.

1. Introduction
Throughout the text, we follow the notation and terminology adopted in the literature,
especially in [Har-Peled 2011, Riondato and Kornaropoulos 2016].

The Rich-Club coefficient is a graph-theoretic metric that quantifies the density
of edges among high-degree vertices. The idea of the coefficient was introduced by
[Zhou and Mondragon 2004]. Moreover, [Colizza et al. 2006] defines the Rich-Club co-
efficient as ϕ(k) = E>k/

(
N>k

2

)
, where N>k is the cardinality of the set of vertices with

degree strictly greater than k and E>k is the cardinality of the set of edges with both end-
points in N>k. Recall that

(
N>k

2

)
is the total number of distinct pairs that can be formed

from the N>k vertices.

The problem addressed in this work is, given a graph G = (V,E), to compute
the value of the Rich-Club coefficient ϕ(k) for every k in the interval [0,∆]. In the exact
approach, computing ϕ(k) requires, for each value of k, counting the edges that connect
vertices whose degree is greater than k. This operation may require scanning a large
number of edges, proportional to m = |E|, for each of the ∆ values of k, yielding an
overall O(∆m) complexity. Moreover, no exact algorithm with asymptotically better
running time is known, to the best of our knowledge. On large-scale graphs, this cost can
become prohibitive.

The use of approximation algorithms to compute graph metrics is not new and
has been widely investigated. The motivation is clear: many fundamental metrics,
such as centralities or clustering coefficients, have high exact computational cost in
large-scale settings. Hence, sampling methods, probabilistic techniques, and complex-
ity bounds based on the VC-dimension have proved to be viable alternatives to make



computation more scalable. Among notable examples are approximation algorithms for
centrality measures such as betweenness centrality, the Percolation Centrality Problem,
the All-Pairs Shortest Paths (APSP) problem, and the computation of the local clus-
tering coefficient. In all these cases, methods based on statistical sampling have been
proposed, drastically reducing running time in exchange for a controlled error margin
[de Lima 2022, Riondato and Kornaropoulos 2016].

To make the presentation self-contained, we now recall some concepts from sam-
ple complexity theory that will be used in the next sections. Definitions 1, 2, and 3
can be found in [Har-Peled 2011]. Furthermore, Definition 4 and Theorem 1 are from
[Riondato and Kornaropoulos 2016].

Definition 1 (Range Space). A range space is a pair A = (X, I), where X is a set and I
is a family of subsets of X . The elements of X are called points, and the elements of I
are called ranges. For S ⊆ X , we define IS = {S ∩ I : I ∈ I}, which is the projection
(or restriction) of I onto S.

Definition 2 (Shattered Set). If IS contains all subsets of S (that is, if IS = 2S; in
particular, if S is finite, then |IS| = 2|S|), we say that S is shattered by I.

Definition 3 (VC-Dimension). The Vapnik–Chervonenkis dimension (VC-dimension) of
a range space A = (X, I), denoted VCDim(A), is the maximum cardinality of a subset
of X that is shattered by I. If there exist shattered subsets of arbitrarily large cardinality,
then VCDim(A) =∞.

Definition 4 (Relative (p, ε)-approximation). Let R be a range set on X and π be a prob-
ability distribution on X . For p, ε ∈ (0, 1), a relative (p, ε)-approximation to (R, π)
is a bag S of elements from X such that for any A ∈ R such that π(A) ≥ p, we
have |π(A) − πS(A)| ≤ επ(A), and for any B ∈ R such that π(B) < p, we have
πS(B) ≤ (1 + ε)p.

Theorem 1. Let R be a range set on a domain X with VCDim(R) ≤ d, and let π
be a distribution on X . Given ε, δ, p ∈ (0, 1), let S be a collection of |S| points from
X sampled according to π, with |S| ≥ c′

ε2p

(
d log 1

p
+ log 1

δ

)
, where c′ is an absolute

positive constant. Then S is a relative (p, ε)-approximation to (R, π) with probability at
least 1− δ.

Where c′ is empirically estimated to be 0.5.

2. Results

Algorithm 1 takes as input a graph G, a maximum tolerated error ε, a confidence level δ,
and a parameter p related to the threshold above which we obtain a good approximation.
Moreover, the constant c that appears in the algorithm is the same universal constant from
Theorem 1.

To represent the degree vector in the algorithm, we use the notation deg[i], where i
is the index of the i-th vertex of the graph. The symbol ∆ denotes the maximum degree of
the graph. The number of edges for which the minimum degree among the two endpoints
is greater than i is denoted by E>i. Analogously, V>i denotes the number of vertices
whose degree is greater than i. The neighborhood size of a is denoted by Na. We denote
by ρ̂ an estimate of ρ. Finally, the output of the algorithm is the vector of estimates ϕ̂, of



Algorithm 1 COEFFICIENTRICHCLUBESTIMATION(G, ε, δ, p)

1: Procedure COEFFICIENTRICHCLUBESTIMATION(G = (V,E), ε, δ, p)
2: Input: Graph G = (V,E) with m edges; parameters 0 < ε, δ, p < 1.
3: Output: An estimate of the Rich-Club coefficient {ϕ̂(k) ; k ∈ N, k ≤ ∆}.
4: for i← 1 to n do
5: deg[i]← |Nvi |
6: end for
7: ∆← max

(
{deg[i] ; 1 ≤ i ≤ n}

)
8: for i← 1 to ∆ do
9: freqDeg[i]← 0

10: end for
11: for i← 1 to n do
12: freqDeg[deg[i]]← freqDeg[deg[i]] + 1
13: end for
14: V>∆ ← 0
15: for i← ∆− 1 downto 1 do
16: V>i ← V>i+1 + freqDeg[i+ 1]
17: end for
18: r ←

⌈
c

ε2p

((
⌊lg(∆− 1)⌋+ 1

)
· log 1

p
+ log 1

δ

)⌉
19: for i← 1 to ∆ do
20: Ê>i ← 0
21: end for
22: for t← 1 to r do
23: sample an edge e = {a, b} ∈ E uniformly at random
24: k ← min{deg[a], deg[b]}
25: for i← 1 to k − 1 do
26: Ê>i ← Ê>i +

m

r
27: end for
28: end for
29: for i← 1 to ∆− 1 do

30: ϕ̂[i]← 2 Ê>i

V>i(V>i − 1)
31: end for

End Procedure return ϕ̂

size ∆, containing the estimated values of the Rich-Club coefficient for values of k such
that ϕ(k) ≥ σk(p), where σk(p) =

pm

(N>k
2 )

.

We first prove Theorem 2, which is inspired by a theorem in [de Lima 2022] and
plays a fundamental role in the proof of Theorem 3. Then, we present Theorem 4, which
establishes the running-time complexity of the algorithm. In approximation algorithms
based on sample complexity, it is essential to define the number of samples required to
guarantee given parameters. In this context, finding an upper bound on the VC-dimension
is directly related to establishing a lower bound on the sample size.

Theorem 2. VCDim(R) ≤ ⌊lg(∆ − 1)⌋ + 1, where R = (X, I) is the range space



in which X is the edge set E and I is the collection of sets Ik, with Ik = {e ∈ E :
the two endpoints of e have degree greater than k}.

Proof. An edge e ∈ E belongs to an interval Ik if its two endpoints have degree greater
than k. Let g be the minimum degree among the two endpoints of e. Thus, the maximum
number of sets in I that can contain e is ∆ − 1. Assume that VCDim(R) = d. Then
e must appear in 2d−1 intervals, because, by Definition 3, we have a set S with |S| = d
and |IS| = 2d, where IS = {Ik ∩ S ; Ik ∈ I}. Hence, each intersection Ik ∩ S must
represent a subset of S, so edge e must appear in half of the intervals. Therefore, 2d−1 ≤
∆− 1 =⇒ d ≤ ⌊lg(∆− 1)⌋+ 1.

Theorem 3. Let c be the constant of Theorem 1. Given a graph G = (V,E), let S ⊆ E be
a sample of size r =

⌈
c

ε2p

(
(⌊lg(∆− 1)⌋+ 1) log 1

p
+ log 1

δ

)⌉
, for constants 0 < p, ε, δ <

1. Algorithm 1 returns, with probability at least 1−δ, an approximation ϕ̂(k) of ϕ(k) with
relative error ε, for each k ∈ {1, . . . ,∆} such that ϕ(k) ≥ σk(p), where σk(p) =

pm

(N>k
2 )

.

Proof. First, by Theorem 1, for given values 0 < ε, δ, p < 1, a distribution π
over X , and a universal constant c > 0, and using Theorem 2 as a bound on
VCDim, we obtain |S| ≥ c

ε2p

(
(⌊lg(∆− 1)⌋+ 1) log 1

p
+ log 1

δ

)
. In particular, r =⌈

c
ε2p

(
(⌊lg(∆− 1)⌋+ 1) log 1

p
+ log 1

δ

)⌉
. Moreover, by Theorem 1, the sample of size

r is a (p, ε)-relative approximation with probability at least 1− δ.

For the rest of the proof, let αk be the set of edges whose two endpoints have
degree greater than k. For each k ∈ {1, . . . ,∆}, let 1k(e) be the indicator function
that equals 1 if e ∈ αk and 0 otherwise. Thus, E>k =

∑
e∈E 1k(e). The estimate Ê>k

computed by the algorithm is incremented by m/r whenever an edge e ∈ S belongs to
αk, i.e., Ê>k =

∑
e∈S

m
r
1k(e). Note that Ê>k =

∑
e∈S

m
r
1k(e) = m |S∩αk|

|S| . Since S is

a (p, ε)-relative approximation, we have |E>k−Ê>k|
E>k

=

∣∣∣Prπ(αk)−
|S∩αk|

|S|

∣∣∣
Prπ(αk)

≤ ε. Equivalently,

|E>k − Ê>k| ≤ εE>k. Hence, |ϕ(k)− ϕ̂(k)| = 2|E>k−Ê>k|
N>k(N>k−1)

≤ 2εE>k

N>k(N>k−1)
= εϕ(k).

Combining this result with Theorem 1 and 2, and using a sample S of size
r =

⌈
c

ε2p

(
(⌊lg(∆− 1)⌋+ 1) log 1

p
+ log 1

δ

)⌉
, we guarantee that Algorithm 1 provides a

(p, ε)-approximate estimate of ϕ(k) with probability at least 1 − δ, for every k ∈ [1,∆]
such that ϕ(k) ≥ σk(p). Indeed, Prπ(αk) ≥ p if and only if ϕ(k) ≥ σk(p), since ϕ(k) =
E>k

(N>k
2 )

= mPrπ(αk)

(N>k
2 )

.

Theorem 4. Algorithm 1 runs in time O(r∆ + n + m), and, since
r = O

(
1

ε2p

(
log∆ log 1

p
+ log 1

δ

))
, the total running time of Algorithm 1 is

O
(

∆
ε2p

(
log∆ log 1

p
+ log 1

δ

)
+ n+m

)
.
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