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ARTICLE INFO ABSTRACT

Keywords: In this work we investigate the problem of estimating the percolation centrality of all vertices in
percolation centrality a weighted graph. The percolation centrality measure quantifies the importance of a vertex in a
approximation algorithm graph that is going through a contagious process. The fastest exact algorithm for the computation
pseudo-dimension of this measure in a graph G with n vertices and m edges runs in O(r®). Let Diamy, (G) be the
rademacher averages maximum number of vertices in a shortest path in G. In this paper we present an expected

O(mlog nlog Diam, (G)) time approximation algorithm for the estimation of the percolation
centrality for all vertices of G. We show in our experimental analysis that in the case of real-
world complex networks, the output produced by our algorithm returns approximations that are
even closer to the exact values than its guarantee in terms of theoretical worst case analysis.

1. Introduction

The importance of a vertex in a graph can be quantified using centrality measures. In this paper we deal with
the percolation centrality, a measure relevant in applications where graphs are used to model a contagious process in
a network (e.g. disease transmission or misinformation spreading). Centrality measures can be defined in terms of
local properties, such as the vertex degree, or global properties, such as the betweenness centrality or the percolation
centrality. The betweenness centrality of a vertex v, roughly speaking, is the fraction of shortest paths containing v as
an intermediate vertex. The percolation centrality generalizes the betweenness centrality by allowing weights on the
shortest paths, and the weight of a shortest path depends on the disparity between the degree of contamination of the
two end vertices of such path.

The study of the percolation phenomenon in a physical system was introduced by Broadbent and Hammersley
(1957) [8] in the context of the passage of a fluid in a medium. In graphs, percolation centrality was proposed by
Piraveenan et al. (2013) [17], where the medium are the vertices of a graph G and each vertex v in G has a percolation
state (reflecting the degree of contamination of v). The percolation centrality of v is a function that depends on the
topological connectivity and the states of the vertices of G. The best-known algorithms that exactly compute the
betweenness centrality for all vertices of a graph depends on computing all its shortest paths [19] and, consequently,
the same applies in the computation of percolation centrality. The fastest algorithm for this task for weighted graphs,

proposed by Williams (2014) [24], runs in O <n3 /2¢Viogn ) time, for some constant c. Currently it is a central open

problem in graph theory whether this problem can be solved in O(1n3~¢), for any ¢ > 0, and the hypothesis that there is
no such algorithm is used in hardness arguments in some works [1, 2]. In the particular case of sparse graphs, which are
common in many applications, the complexity of the exact computation for the betweenness centrality can be improved
to O(n?). However, the same is not known to be the true for percolation centrality and no subcubic algorithm is known
even in such restricted scenario.

The main contributions of our work are approximations algorithms to estimate the percolation centrality of all
vertices of a graph. The present paper is an extended version of a conference paper where we describe an approximation
algorithm for the problem using sample complexity theory. In the conference version we designed a fixed-size sample
algorithm for this task, while in the current paper we show how the algorithm can be modified so we have a progressive
sampling approach. Sections 2.3, 3.2 and 4.1 describe the results and techniques that we use in this extension. We also
provide experimental evaluation, in Section 5, for the progressive sampling algorithm. In both works, we follow the
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steps of Riondato, Kornaropoulos and Upfal [19, 20], which designed an approximation algorithm for the betweenness
centrality problem under the light of sample complexity theory. A main theme we deal with is the fact that for large scale
graphs, even algorithms with time complexity that scales in quadratic time are inefficient in practice and high-quality
approximations obtained with high confidence are usually sufficient in real-world applications. In [20], the authors
observe that keeping track of the exact centrality values, which may change continuously, provides little information
gain. So, the idea is to sample a subset of all shortest paths in the graph so that, for any fixed constants 0 < €, < 1,
they obtain values within e from the exact value with probability 1 — 6.

In this paper we combine techniques presented in Lima e al. (2020) [9] on Pseudo-dimension theory applied
to percolation centrality, and in the work of Riondato and Upfal on Rademacher Averages applied to betweenness
centrality. We show that this combination can be further developed for giving an approximation algorithm for the
percolation centrality based on a progressive sampling strategy. The idea is that the algorithm iteratively increases
the size of a sample of shortest paths used for the estimation of the percolation centrality until the desired accuracy
is achieved. The stop condition depends on the Rademacher Averages of the current sample of shortest paths. One
of the consequences of the approach based on Rademacher Averages is that such technique is sensitive to the input
distribution, so it can provide tighter bounds for certain inputs. Additionally, even if no assumption is made on the
input distribution, we show that with the use of Vapnik—Chervonenkis (VC) theory on the sample analysis we can
obtain a sample size that is tighter than the one given by standard Hoeffding and union-bound techniques, and never
worse than the sample size given by the fixed-size sample algorithm (in the conference version of this paper we used
only fixed-size samples).

‘We have in mind both a theoretical and a practical perspective. More precisely, we show that the estimation of the
percolation centrality can be computed in O(m log nlog Diam;,(G)) expected time, where Diam;,(G) is the maximum
number of vertices in a shortest path of G. Note that since many real-world graphs are sparse and have logarithmic
diameter, the time complexity of the algorithm for such graphs is O(nlog nloglog n). In the practical front, in Section
5, we give the relation between the quality and confidence constants and the sample size required for meeting the
approximation guarantee and, in fact, our experimental evaluation shows that our algorithms produce results that are
orders of magnitude better than the guarantees given by the referred theoretical analysis.

2. Preliminaries

In this section, we present the definitions, notation and results that are the groundwork of our proposed algorithms.
In all results of this paper, we assume w.l.0.g. that the input graph is connected, since the algorithms can be applied
separately to each of its connected components.

2.1. Graphs and Percolation Centrality

Given a directed weighted graph G = (V, E), the percolation states 0 < x, < 1 foreach v € V and (u, w) € V2,
let S, be the set of all shortest paths from u to w, and ¢,,, = |S,,,|. For a given path p,,, € S, let Int(p,,,) be the
set of internal vertices of p,,,, thatis, Int(p,,,) = {v €V : v € p,, and u # v # w}. We denote o,,,(v) as the number
of shortest paths from u to w that v € V is internal to. Let P,(w) ={s €V : (s,w) € E, } be the set of (immediate)
predecessors of w in p,,,, € S,,,, where E, is the set of edges of p,,,. We define DlamV(G) as the vertex-diameter
of G, i.e. the maximum number of Vertlces in a shortest path in G. We say a vertex v is fully percolated if x, = 1,
non-percolated if x, = 0 and partially percolated if 0 < x < 1. We say that a path from u to w is percolated if

x, — x,, > 0. The percolation centrality is defined below.

Definition 1 (Percolation Centrality). Ler R(x) = max{x,0}. Given a graph G = (V, E) and percolation states
x,, Vv € V, the percolation centrality of a vertex v € V is defined as

p(v) =

z ) R(x, —x,,)

n(n—1) i O > i R(x; —x4)
uFv#Ew (f,d)ev
S#v#Ed

The definition originally presented by Piraveenan ez al. [17] does not have the normalization factor —— e L e intro-

duced in this paper with the purpose of defining a proper probability distribution in Section 3. This normalization
preserves the original relation among the vertices centralities.

AM de Lima et al.: Preprint submitted to Elsevier Page 2 of 18



Percolation Centrality via Rademacher Complexity

2.2. Sample Complexity and Pseudo-dimension

In sampling algorithms, typically the estimation of a certain quantity observing parameters of quality and confi-
dence is desired. The sample complexity analysis relates the minimum size of a random sample required to estimate
results that are consistent with such desired parameters (e.g. in our case a minimum number of shortest paths that must
be sampled). An upper bound to the Vapnik—Chervonenkis Dimension (VC-dimension) of a class of binary functions,
a central concept in sample complexity theory, is especially defined in order to model the particular problem that one
is dealing. There is, an upper bound to the VC-dimension of the sampling problem at hand is also an upper bound to
the sample size which respects the desired quality and confidence parameters. Generally speaking, the VC-dimension
measures the expressiveness of a class of subsets defined on a set of points [19].

For the problem presented in this work, however, the class of functions that we need to deal are not binary. Hence,
we use the Pseudo-dimension, which is a generalization of the VC-dimension for real-valued functions. An in-depth
exposition of the definitions and results presented below can be found in the books of Anthony and Bartlett (2009) [4],
Mohri et al. (2012) [15], Shalev-Shwartz and Ben-David (2014) [23] and Mitzenmacher and Upfal (2017) [14].

Definition 2 (Range Space). A range space is a pair R = (U, I), where U is a domain (finite or infinite) and T is a
collection of subsets of U, called ranges.

For a given S C U, the projectionof Ton Sistheset I¢ ={SNnI : [ € I}. If |I¢| = 2151 then we say S is
shattered by 1. The VC-dimension of a range space is the size of the largest subset .S that can be shattered by 7, as
presented by the following definition.

Definition 3 (VC-dimension). The VC-dimension of a range space R = (U, I), denoted by VCDim(R), is VCDim(R) =
max{k : 38 C U such that |S| = k and |L5| = 2*}.

Let F be a family of functions from some domain U to the range [0, 1]. Consider D = U X [0, 1]. For each f € F,
there is a subset R,CD defined as Ry = {(x,t) : xeUandt < f(x)}.

Definition 4 (Pseudo-dimension (see [4], Section 11.2)). Let R = (U, F) and R' = (D, F™) be range spaces, where
Ft={R ¢+ f €F}. The Pseudo-dimension of R, denoted by PD(R), corresponds to the VC-dimension of R/, ie.
PD(R) = VCDim(R').

The following combinatorial object, called e-sample, is useful when one wants to intersect ranges of a sufficient
size with respect to the right relative frequency of each range in 7 within the sample .S.

Definition 5 (¢-sample). Given 0 < € < 1, a set S C U is called e-sample w.r.t. a range space R = (U, 1) and a
probability distribution r on U ifVI € T, |Pr (I)— % <e

A more general definition of e-sample (called e-representative) is given below for a given a domain U, a set of
values of interest , and a family of functions 7 from U to R* such that there is one f;, € F foreach h € H. Let .S

be a collection of r elements sampled independently from U with respect to a probability distribution 7.

Definition 6. For each f, € F, such that h € H, we define the expectation of f}, and its empirical average as Ly;
and Lg, respectively, i.e. Ly (fy) =E, [fo(w)] and Lg(f,)= 1 Yes fn®).

r

Definition 7. Given 0 < €,6 < 1, a set S C is called e-representative w.r.t. some domain U, a set H, a family of
Junctions F and a probability distribution = ifVf, € F,|Lg(f,) — Ly (fp)] < €.

As observed by [23], by the linearity of expectation we have that the expected value of the empirical average L ¢(f},)
corresponds to Ly (f3,). Hence, |Lg(f;,) — Ly (fi)l = |Lg(fp) — [ther[LS(fh)]l, and by the law of large numbers,
L(f;,) almost surely converges to its true expectation as r goes to infinity, since Lg(f}) is the empirical average
of r random variables sampled independently and identically w.r.t. z. For any sample size, though, no information
about the value |Lg(f,) — Ly (f,)] is available by the application of the referred law. Thus, we use results from the
VC-dimension and Pseudo-dimension theory, which provide bounds on the size of the sample that guarantees that the
maximum deviation of |Lg(f}) — Ly (f5,)| is within e with probability at least 1 — ¢, for given 0 < €,6 < 1.

Theorem 1 states that having an upper bound to the Pseudo-dimension of a range space allows to build an e-sample.
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Theorem 1 (see [10], Theorem 2.12). Let R’ = (D, F™) be a range space (D = U X [0, 1]) with VCDim(R') < d
and a probability distribution x on U. Given 0 < €,6 < 1, let S C D be a collection of elements sampled w.r.t. &, with

NG e% (d +1In %) where c is a universal positive constant. Then S is an e-sample with probability at least 1 — 6.

Loffler and Phillips [13] observe empirically that the constant c is approximately % Lemmas 1 and 2, stated and
proved by [20], present constraints on the sets that can be shattered by a range set F+.

Lemma 1 (see [20], Section 3.3). Let B C D be a set that is shattered by F+. Then, B can contain at most one
(d,y) € D for each d € U and for some y € [0, 1].

Lemma 2 (see [20], Section 3.3). Let B C D be a set that is shattered by F+. Then, B does not contain any element
in the form (d,0) € D, for eachd € U.

2.3. Progressive Sampling and Rademacher Complexity

In some problems, finding a bound for the sample size that is tight may be a complicated task. An alternative
to this issue relies on the use of progressive sampling, in which the process starts with a small sample size which
progressively increases until the accuracy can be improved [18]. The use of an appropriate scheduling for the sample
increase combined with an efficient-to-evaluate stopping condition (i.e. knowing when the sample is large enough)
leads to a greater improvement in time for the estimation of the value of interest [20]. A key idea is that the stopping
condition takes into consideration the input distribution, which can be extracted by the use of Rademacher Complexity
(see [14], chapter 14). The main results from this theory that is in the core of statistical learning theory and that we
apply in our algorithms are presented below.

Consider a sample S and the computation of the maximum deviation of L¢(f},) from the true expectation of f,
forall fj, € F, thatis, sup;, e |Ls(f3) — Ly (fp)|. The empirical Rademacher average of F is defined as follows.

Definition 8. Consider a sample S = {z,, ..., z,} and a distribution of r independent Rademacher random variables
o =(0y,...,0,), i.e. Pr(c; = 1) = Pr(c; = —1) = 1/2 for | <i < r. The empirical Rademacher average of a family
of functions F w.r.t. to S is defined as

R.(F,S)=E, lsup = Zo-fh(z )]
fn€F T

At the heart of our algorithm, the stopping condition for the progressive sampling depends on the Rademacher Com-
plexity of the sample. For the connection of the empirical Rademacher average with the value of sup ; < |Ls(f3,) —
Ly (f1)], we use the bound of [20], which extended the bound of [16] to the supremum of its absolute value to functions
with codomain in [0, 1] and uniform probability distribution on the input.

Theorem 2. (see [20], Theorem 3.3) With probability at least 1 — 6,

) In 4 \/ (In2 + 4rR,(F, 5)In > 2
sup |Lg(fi) — Ly (f)] < 2R.(F.S) + |2
fhef' r

r

The exact computation of R,(F, ') depends on an extreme value, i.e. the supremum of deviations for all functions
in F, which can be expensive and not straight-forward to compute over a large (or infinite) set of functions [14]. For
this reason, we use the bound given by Theorem 3, which is a variant of the Massart’s Lemma (see Theorem 14.22,
[14]) that is convex, continuous in R* and can be efficiently minimized by standard convex optimization methods.

Consider the vector vy, = (f(,(21), ..., fj(2,)) for a given sample of r elements, denoted by S = {zy, ..., z,}, and
let Vg = {Ufh P fhET)

Theorem 3. (see [20], Theorem 3.4) Let w : RY — R be the function

§2 2
w(s) = ln Z exp ( ”Ufh” )

V7, €Vs

Then R.(F,S) < mincg+ w(s).
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3. Pseudo-dimension and percolated shortest paths

In this section we model the percolation centrality estimation problem in terms of a range set of the percolated
shortest paths. In the conference version [9], our algorithm uses a sample of fixed size and a range set where the points
of the domain are shortest paths. So, as one of the contributions of the current paper with respect to the conference
version, in Section 3.2 we present a range space where the domain corresponds to the pairs of vertices of G. This
modification is necessary in the progressive sampling algorithm.

3.1. Range Space defined for the Fixed-Size Sample Algorithm
For a given graph G = (V, E) and the percolation states x, for each v € V', let H = V, with n = |V|, and let
U = Sg, where S; = U S,- Foreachv € V, thereisasetz, = {p € U : v € Int(p)}. For a pair
(uw)EV?:utw

(u,w) € V2 and apath p,,, € Sg, let f, : U — [0, 1] be the function f,(p,,,) = ER(X" xl”;zx = 1.
f—Xd
. . . . (f V2 fotd
1. (Puy) is the indicator function that returns 1 if v € Int(p,,,) (and hence, p,,, is in the interval z, of vertex v) and
0 otherwise. The function f, gives the proportion of the percolation between u and w to the total percolation in the
graphif v € Int(p,,,). We define F = {f, : v € V}.
Let D = U x [0, 1]. For each f, € F, there is a range R, = Ry = {(Pyw-?) & Py €U andt < f,(p,,)} Note

R(x,—x,,)

z Rixy=xg)
(f.d)EV2: fotd

(Puw)» Where

that each range R, contains the pairs (p,,,,,?), where 0 < ¢ < 1 such that v € Int(p,,,) and t <

We define F* = {R, : f, € F}.

Each p,, € U is sampled according to the function n(p,,,) = L__L In order to see that this is a valid

n(n—-1) o,

probability distribution, note that

z ﬂ'(puw)z 2 n(n l)auw - Z Z Z n(n 1) Ouw - z Z

n(n - 1) Cuw

Puw€U Puw€U ueV wev pes,, ueV wev
w;&u w#u
aTET PPy DU Es
n(n == n(n
w#u

We state in the next theorem that E[ f,,(p,,,)] = p(v) forallv € V.

Theorem 4. For f, € F and for all p,,, € U, such that each p,,, is sampled according to the probability function
”(puw)) [E[fv(puw)] = p(U)

PROOF. For a given graph G = (V, E) and for all v € V', we have from Definition 6

Ly(f) =By al FoPuc)] = D 7(Pu) foPuae)

puweU

Ly L R
Puw€U n(n—1) Ouw z R(xf_xd) 7, \Puw

(f.d)ev?
fvd
Xy — xw)
= 1, (»
eI A s i
u#v wEvu (f.d)ev?
f#v#Ed

— Z 2 uw(U) R(xu - xw)
n(n -1 Y R(x; —x,)

ueV wevV Ouw
utv wEvu (f.d)ev?
fHvEd

1 Z 6 (V) R(x, — x,,)

= p(v).

nn—1) i Cuw > i R(x; —x,)
uFVFEW (/. d)ev
f#v#d
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Let S = {(p,w,» 1 < i < 1)} be a collection of r shortest paths sampled independently from U. Next, we define
P(v), the estimation to be computed, as the empirical average from Definition 6:

R(x, —x,,)
- 1 ] uj wt
P(U) = LS(fu) == Z fu(puiwi) =- Z R ]lflf(puiwi)'
r Pu:w: €S r Pusw: €S Z (xf - xd)
i T (fder?
f#v#Ed

3.2. Range Space defined for the Progressive Sampling Algorithm

In this section we describe a modification in the range space so that we can use the bound of [20] in our progressive
sampling algorithm, since an uniform probability distribution in the points of the domain is required in this case.

For a given graph G = (V, E) and the percolation states x, foreachv € V,letU’' =V X V. Let f,, : U’ — [0,1]

be the function
R(x, — x,,) O'u’w(l))

fo(u, w) =

Z(f,d)erV:u;éw R(xf - xd) Ouw

We define 7/ = {f, : v € V'}. Thereis onerange R, = {((u, w),?) : (u,w) € U" and t < f,(u, w)} foreach f, € F'.
We define 7'+ = {R, : f, € F'}. Each (u, w) € U’ is sampled with probability (s, w) = ﬁ which is a valid
probability distribution.

For a collection S” = {(u;, w;), 1 <i < r)} of r pairs of vertices sampled independently and identically from U’,
the estimation p(v) to be computed is the empirical average of f,,, according to Definition 6:

= 1 1 R(xui B xwi) 6,(V)
() = Lg(f,) =~ Z folu;, w) = = uw(V)
" (w.wpes’ P woes > R(x;—x4) oy
o N = 2%%
Fvtd

4. Estimation for the Percolation Centrality

We present the approximation algorithms for the estimation of the percolation centrality of all vertices of a graph.
We give the outline of the algorithm that runs in a fixed-size sample, which we compare with the progressive sampling
approach, and that is described in more detail in the conference version of this paper [9]. We chose to present only
the idea of the conference version algorithm because the progressive sampling algorithm presented in this paper ends
up superseding the previous version. In Section 4.1, we describe the necessary modifications in the fixed-size sample
algorithm of the conference version so we obtain a progressive sampling approach.

We first define the problem in terms of range spaces and then we present the algorithms which take as input
a directed weighted graph G = (V, E) with n vertices and m edges, the percolation states x, for each v € V, a
sample schedule (|S;]);> (in the case of the progressive sampling approach) and the quality and confidence parameters
0 < €,6 < 1, assumed to be constants (they do not depend on the size of G).

Theorems | and 5 state an upper bound for the VC-Dimension of the range space R = (U, F) defined in Section 3,
respectively, in order to bound the fixed sample size that guarantees |p(v) — p(v)| < € for each v € V' with probability
atleast 1 — 6.

Theorem 5. Let R = (U, F) and R' = (D,F™") be the corresponding range spaces for the domain and range sets
defined in Section 3, and let Diamy, (G) be the vertex-diameter of G. We have PD(R) = VCDim(R') < |lg Diamy, (G)—
2| + L

Proof. Let VCDim(R') = k, where k € N. Then, there is S C D such that |.S| = k and S is shattered by F*+. From
Lemmas 1 and 2, we know that for each p,,,, € U, there is at most one pair (p,,,,, ) in S for some ¢ € [0, 1] and there
is no pair in the form (p,,,,0). By the definition of shattering, each (p,,,,?) € S must appear in 2%~! different ranges
in F*. On the other hand, each pair (p,,,?) is in at most |p,,,| — 2 ranges in F*, since (p,,,,t) & R, either when
t> f,(puw) or v & Int(p,,,). Considering that |p,,, | —2 < Diam(G) — 2, we have

21 <1yl — 2 < Diamy, (G) - 2
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k —1 <1gDiamy, (G) — 2.

Since k must be integer, k < |lg Diamy, (G) — 2| + 1 < lgDiam;,(G) — 2 + 1. Finally, PD(F) = VCDIim(F*) = k <
|lg Diamy, (G) — 2] + 1. O

By Theorem 4 and Definition 3, L;;(f,) = p(v) and Lg(f,) = p(v), respectively, foreachv € V and f, € F. Thus,
|Ls(f,) — Ly(f,)] = |p(v) — p(v)|, and by Theorems 1 and 5, a sample of size [e% (ng Diam, (G) — 2] +1+1n 5)]
suffices to our algorithm, for given 0 < €,6 < 1.

If we had used a Hoeffding bound, we would have Pr(|j(v) — p(v)| > €) < 2exp(—2re?) for a sample of size r
and for each v € V. Applying the union bound for all v € V, the value of r must be 2 exp(—=2r2e*)n > &, which
leads to r < 217(1n 2+ Inn+In(1/6)). Even though Diamy (G) might be as large as n, we note that the bound given
in Theorem 5 1s tighter since it depends on the combinatorial structure of G, which gives a sample size tailored for it.
For instance, if Diamy (G) = Inn (which is common in many real-world graphs, in particular power-law graphs), we
have that VCDim(R) < |lg(Inn) — 2] + 1. In particular, the problem of computing the diameter of G is not known to
be easier than the problem of computing all of its shortest paths [3], however, a bound on Diam,,(G) is enough and it
can be efficiently computed [20].

The main idea of the fixed-size sample algorithm presented in the conference version [9] is shown below.

step 1. Sample a pair of vertices (4, w) € V' X V uniformly and independently at random;
step 2. Compute the set .S, of shortest paths from u to w;

step 3. Sample a shortest path p,,, € S, independently with probability 1/c,,,,. In this step, start a backward travers-

ing from w as follows. Dot < w, and while ¢ # u, sample a pr;,(decess)or z of t with probability ¢, /0 ,,; increase
1 Xy =Xy

the estimation for the percolation centrality j(z) by 5 e
(f,d)EVXV : f#v#d d=*f

anddot « z;

step 4. Repeat the steps above k times, where k = ;—2 ([lg Diamy(G) - 2]+ 1+1In é);
step 5. Return the set { p(v) = p(v),v € V and p(v) > 0}.

4.1. Description of the Progressive Sampling Algorithm

When comparing the fixed-size sample algorithm of [9] with a progressive sampling approach, we can build an
algorithm using the range space defined by R = (U, F) in Section 3 and the bound in Theorem 3.2 of [6] as the
stopping condition for sampling. However, the corresponding initial size to the sample schedule obtained by this
bound is greater than the value given by Theorems 1 and 5 for a fixed-size sample approach, so we use the range space
defined by R’ = (U’, F") in Section 3.2, which has an uniform probability distribution on the domain U’. We note that
if there is only one shortest path between any pair of vertices, then we can guarantee PD(R’) < |1g Diam, (G)—2] +1;
otherwise, the Pseudo-dimension of R/ is the same as the one obtained by Hoeffding and union bounds (as proven in
Lemma 4.5 of [20]). Despite this issue, we show in the experimental evaluation that in practice, this range space can
lead to improvements on the running time of an approximation algorithm that uses a progressive sampling schedule.

The schedule is defined as follows: let .S be the initial sample size and 6; = /2. At this point, the only information
available about the empirical Rademacher average of S, is that R,(F’,S;) > 0. Plugging this with the r.h.s. of the
bound in Theorem 11, which has to be at most ¢, we have

2
21n(6/) /11;(&/(?) BUNNELL (6/5) _4In(6/)  , _In6/3) 1] > (1+8e++/ -|;16e) In(6/3) o
1

1
1S, |S1|2 |51 - 218 4de

There is no fixed strategy for scheduling. Provost ez al. (1999) [18] conjecture that a geometric sampling schedule
is optimal (although we do not need such assumption), i.e. the one that S; = g'S;, for each i > 1 and for constant
g > 1. In our algorithm we follow this results, as previously indicated in [20].

Given 0 < €,6 < 1, let (|.S;]);>; be a geometric sampling schedule with starting sample size defined in (1). We
present the outline of the progress_ive sampling algorithm for estimating the percolation centrality with probability
1 — 6. Consider the table p with the centrality estimation.

The following steps are repeated for each i > 1. For the sake of clarity, .S, = @.
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step 1. Create a sample of k = |.S;|—|S;_;| elements of V"XV chosen uniformly and independently (with replacement)
at random;

step 2. For each pair of vertices (u, w) € {S; — S;_; }, compute the set .S, of shortest paths from « to w. Let z be an
R(xu_xw) O'uw(z) .

<V fvtd RXq=%7) 04y

internal vertex of some shortest path between u and w. Increase the value j(z) by >
(f.d)ev

step 3. Compute the bound to R,(F’, S;) by minimizing the function defined in Theorem 3. If it satisfies the stopping
condition defined in Theorem 2, then return the set { 5(v) = p(v)/|.S;|, v € V and p(v) > 0}. Otherwise, increase
the size of .S; until it has size |.S; |, increase i and return to step 1.

Step 1 is trivial. Step 2 requires the computation and update of internal vertices to some shortest path from u to w
and the computation of minus_s[v] = Y R(xy — x4) for each v € V. The former task can be computed

(f dEV?: fvid

in time O(m + nlog n) following the steps of [20]: we run a modified Dijkstra’s Algorithm in G = (V, E), for each
sampled pair of vertices (u, w). The modification, discussed in Lemma 3 of Brandes (2001) [7], works as follows. Let
z be an internal vertex of some shortest path from u to w. The modified Dijkstra stores the distance d(u, z) from u to
z in a shortest path from u to w. After S, is computed, the set of internal vertices in some path p € .S, is sorted
in inverse order of d(u, z). The value o,,,(z) corresponds to o6,,0,,,, where o, is returned by the modified Dijkstra
algorithm, and 6,,, = Zy: zep,(yy Where P,(y) is the set of immediate predecessors of y in a shortest path from u to y.

In the calculation of minus_s[v] = > R(x; — x,) for each v € V, which are necessary to compute

(f.)eV?: fvtd

p(v), we perform a linear time dynamic programming strategy presented in Algorithm 1. The proof of correctness of

this algorithm is stated in Theorem 6.

On Step 3, let S; = {(u;, wy, ..., u s W j)} be the sample of size j obtained after the execution of the i-th iteration
of the progressive sampling algorithm and let v, be the vector v, = (fu(ul S W), s f(ug, wj)), forallv € V. The ¢,
and £, norms of each v, are stored on the hash tables V; and V,, respectively. The set V, represented as a hash table,
keeps the values of V, with no repetition to the computation of @, in line 21, which is the bound for the empirical
Rademacher average of S; obtained by the function defined in Theorem 3. For each internal vertex v to be updated,
Algorithm 3 checks if the value associated to V,[v] in V is greater than zero. If yes, the value in V[V,[v]] is increased
by one; otherwise, a new key with V,[v] is created in V. The value of p(v) corresponds to V,[v]/|.S;].

We prove the correctness and running time of Algorithm 2 in Theorems 7 and 8, respectively.

Theorem 6. For an array A of size n, sorted in non-decreasing order, Algorithm 1 returns for sum and minus_sum([k],
n n

n n
respectively, the values Y, Y. R(A[j] — Ali]) and Y, Y. R(A[j] — Al[i]), for each k € {1,...,n}.
i=1 j=1 i=1 j=1
- ik Tk
Proof. By the definition of sum, we have that

n n n n

sum = ) ) R(Ali] - A[j) = ) , ROAL - AlID = D max{ AL - ALLO).

i=1 j=1 i=1 j= i=1 j=

Since A is sorted, then max{ A[j] — A[i],0} = 0if j < i. Hence, if we consider only the j > i, this value becomes
sum = ¥, 37 (A[j] — ALD).

A similar step can be applied to the values of the array minus_sum, and then for all indices k € {1, ..., n},

minus_sum[k] = ) ) max{A[j] - A[i],0} = ) > (A[j] - AL]).
2k T2 2k 2k

The recurrences below follow directly from lines 5 and 6, where sum; denotes the value of sum at the beginning
of the k-th iteration of the algorithm.

SVPK] 0, ifk=1
V =
P svplk — 1] + A[k — 1], otherwise.
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0, ifk=1
sum, =
k sumy,_; + (k — 1)A[k] — svp[k], otherwise.

The solutions to the above recurrences are, respectively,

k-1 k

svplk] = Z Ali] and sum; = 2 (i — DA[i] - svpli]).
i=1

i=1

The value sum is then correctly computed in lines 4-6, since

sum = Y N (A[j]— Ali) = ), Y Alj1—- ), YL Alil= ) Y Aljl = Y (n— i+ DAL]
i=1

i=1 j=i i=1 j=i i=1 j=i i=1 j=i
= Z Z A[j] - Z(n —i+ DA[i] = ZJA[J Z(n —i+ DA[i] = Z PA[i] = ) (n =i + 1Ai]
j=1i= i=1 i=1
n i—-1
= Z(z — DA[i] - Z(n — DA[i] = Z(z - DAL= ) ZA
i=1 j=
n i—1 n
=y ((i SULUEDY Am> = ) (i = DALl = svpli).
= j=1 i=1

Finally, minus_sum is also correctly computed in lines 8 and 9, since

n k—1 n
minus_sum[k] = )" Z(Am Ali]) Z — Ali]) - (Z(A[k] — AN+ ) (ALl - A[k]))

i=1 j=i i=1 j=i Jj=1 j=k+1
ik j#k
k—1 n k—1 n
= sum — (Z Alkl= ) AlKI= ) AT+ )] AU]>
j=1 j=k+1 j=1 j=k+1

k—1 n
sum — ((k — DALK] = (n = (k+ 1)+ DAIK1 = Y AT+ ), A[j])

j=1 j=k+1

k-1 k-1
sum—((2k—n—1)A[k]+ZA[J] ZA[/] Alk] - ZA[J])

j=1
k—1
= sum — ((2k—n—2)A[k]+2A[J] 2ZAJ]>
J J

=sum — 2k — n — 2)A[k] — svp[n + 1] + 2svp[k].

O

Theorem 7. Algorithm 2 returns with probability at least 1 — 6 an approximation p(v) to p(v), for each v € V, such
that p(v) is within € error.

Proof. Let I be the number of iterations of the loop in lines 7-24 of Algorithm 2. Consider the sample S; =
{(u;, wy), ..., (u,,w,)} of size r obtained after the last iteration of such loop where the stopping condition is satis-
fied, where each (u W) isapairin ¥V XV, for 1 < j <r. Let 5; be the value obtained in line 23 on the i-th iteration,
where 1 < i </, and let @, be the optimum value of the function defined in Theorem 3, which is an upper bound to
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Algorithm 1: GETPERCOLATIONDIFFERENCES(A, n)
Data: Array A, sorted in non-decreasing order, and n = | A|.

n n
Result: The value sum = Y Y R(A[j] — A[i]) and the array
i=1j=1

{minus_sum[k] = i i R(A[j] — Ali]),Vk € {1, ...,n}}, such that R(z) = max{z,0}.
i=1 j=1

i#k jk
1 sum <« 0
2 minus_sum[i] « 0,Vi € {1, ...,n}
3 svp < (0,0,...,0)
4 fori < 2tondo
5 svpli] < svpli — 1]+ A[i — 1]
6 sum « sum + (i — 1) A[i] — svpli]
7 svpln + 1] < svp[n] + A[n]
8 fori « 1tondo
9 minus_sum[i] < sum — A[i](2i — n — 2) — svp[n + 1] + 2svpl[i]

return sum, minus_sum

—
=]

Algorithm 2: PERCOLATIONCENTRALITY APPROXIMATION(G,X,€,6)
Data: Graph G = (V, E) with n = |V'|, percolation states x, accuracy parameter 0 < € < 1, confidence
parameter 0 < § < 1, sample scheduling (S});5 -
Result: Approximation j(v) for the percolation centrality of all vertices v € V.
1 V,V,,V, « hash tables
2 Vi[v] < 0,V,[v] « 0,minus_s[v] « 0, Yo eV
3 sort x /* after sorted, x = (x|,Xp,...,X,) */
4 minus_s < GETPERCOLATIONDIFFERENCES(x, 1)
5 |Syl < 0O
61«0
7 do
8 i—i+1
9 for/ < 110 |S;|—1S;,,| do

10 sample u € V' with probability 1/n
11 sample w € V with probability 1/(n — 1)
12 S, < ALLSHORTESTPATHS(u, w)
13 if S, # ¢ then
14 for z € P,(w) do
15 O < 1
16 for each z internal to some shortest path from u to w in inverse order of d(u, w) do
17 0,,(2) < 0,,0,,
18 UPDATESETV (v, V., V,, ML@)
minus_s[z] o,
19 for y € P,(z) do
20 Oy < Oy + 04,
. 1 szq
21 g < Mingep+ < In 24y €Xp ISP

2 5«8/

In(3/6;)++/(In(3/6,)+4|S;|w,) In(3/6;) In(3/6;)
23 n < 2w, + v IS +4/ n2|5{.|

24 whiley > ¢
25 plv] « Vi[vl/|S;|,Yv eV
26 return p[v],Vv €V
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Algorithm 3: UPDATESETV(V,z,V,V,,r,)
Data: Table V, vertex z, table V,, table V,, real value r,.
v < V,[z]
vV —v+ r%
if v/ € V then
V[v'] « 1
else
V[V <« V[']+1
if v > 0and V[v] > 1 then
V[v] <« V[v] -1
if v > 0 and V[v] = 0 then
remove V[v]
Vilz] < Vlz]l +r,
Vylz] < Vylz] + 12

o RN NN R W N -

—
R = =

the empirical Rademacher average of the sample S, and which is computed by a linear-time procedure of [11]. Then
n = 2w, + InG/6)+/UnG/ l‘?T“lS’ o) nG/e0 1/ lnz(lséél’) is the value such that n;, < € for the input graph G = (V, E)
1 1
and for fixed constants 0 < €,6 < 1.
Let E; be the event where sup,cy | p(v) — p(v)| > #; in iteration i. We need the event E; occurring with probability
at most 6 for some iteration i. That is, we need

o0
Pr(3i > 1 s.t. E; occurs) < ZPr(Ei) <é
i=1

where the inequality comes from union bound. Setting Pr(E;) = §/2/, we have

(e8]

[e+]
1
;Pr(Ei)zézE =34.

i=1

For each iteration i in 7-24, the pair (u W j) is sampled with probability in lines 10 and 11, for 1 < j <r,

1
n(n—1)
and the set Suj w; is computed by Dijkstra algorithm (line 12).

R(xuj _ij) quwj (z)

The value of , for each internal vertex z of a shortest path p € Suj w, found on the backtracking

minus_s[z] 6,

procedure (lines 16-20) is added to V,[z] by Algorithm 3 in line 18. The correctness of the procedure in lines 19-20
can be checked in Lemma 3 of [7].

The value of minus_s[z] is correctly computed in line 4 as shown in Theorem 6. Then, at the end of Algorithm 2,

() = l Z R(x, — x,,) 0,0(2)

E R(xf —Xg) Ouyw
(F. ISV XV
Fiztd

puwesl

which corresponds to p(z) = % Y D)
Puw€S|

Since #; < €, le(fu) = p(v) and Ly (f,) = p(v) (Theorem 4) for all v € V and f,, € F, then Pr(|p(v) — p(v)| <
€) > 1 — 6 (Theorem 2). O

Theorem 8. Given aweighted graph G = (V, E)withn = |V|andm = | E| and a sample of size r = :—2( |lg Diamy, (G)—
2| + 1) — In 6), Algorithm 2 has expected running time O(m log2 n).
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Proof. We sample the vertices u and w in lines 10 and 11, respectively, in linear time.

Sorting the percolation states array x (line 3) can be done in O(n log n) time and the execution of Algorithm 1 on the
sorted array x (line 4) has running time @(n). Before the loop in lines 1620 start, the vertices in G are sorted according
to d(u, w) in reverse order, which takes O(nlogn). The complexity analysis of the procedure in 16-20 proceeds as
follows. Once | P,(z)| < dg(z), where d;(z) denotes the degree of z in G and P,(z) is the set of predecessors of z in
the shortest paths from u to w, and since this loop is executed at most n times if all the vertices of G are internal to
some shortest path between u and w, the total running time of these steps corresponds to Y, o, dg(v) = 2m = O(m).

The execution of Algorithm 3 in line 18 has (1) expected running time, since the sets V, V| and V, are stored
as hash tables and operations of insertion, deletion and search on these structures take (9(1) time in average. Line 21
is executed by an algorithm that is linear in the size of the sample [11]. The loop in lines 7-24 runs at most r times,
since |p(v) — p(v)| < e for all v € V with probability 1 — 6 when the sample has size r (Theorem 1). The Dijkstra
algorithm which is executed in line 12 has running time @O(m log n), so the total expected running time of Algorithm 2
is O(nlogn + r max(m, mlogn)) = O(nlogn + r(mlogn)) = O(r(mlogn)) = O(m log2 n). O

Corollary 1. Given an unweighted graph G = (V,E) with n = |V| and m = |E| and a sample of size r =
e%( |lg Diamy,(G) — 2| + 1) — In6), Algorithm 2 has expected running time O((m + n) log n).

Proof. The proof is analogous to the one of Theorem 8, with the difference that the shortest paths between a sampled
pair (u, w) € V X V will be computed by the breadth-first search (BFS) algorithm, which has running time O(m + n).
O

We observe that, even though it is an open problem whether there is a ()(n3~¢) algorithm for computing all shortest
paths in weighted graphs, in the unweighted case there is a O(n>3%) (non-combinatorial) algorithm for this problem
[22]. However, even if this algorithm could be adapted to compute betweenness/percolation centrality (what is not
clear), our algorithm obtained in Corollary 1 is still faster.

5. Experimental Evaluation

We perform our experimental evaluation on publicly available real-world graph datasets from Stanford Large Net-
work Dataset Collection [12] and Network Repository [21], described in Table 1. These graphs spam from social,
peer-to-peer and citations networks. We compare the running time and the accuracy of our progressive sampling al-
gorithm with the fixed-size sample approach. Regarding to the exact algorithm, we compare our results with the best
know algorithm for computing the same measure in the exact case, since our approach is the first estimation algorithm
for percolation centrality, as far as we know. A main advantage of our algorithms is that both of them output estima-
tions with a very small error. In fact, for all networks used in our experiments, the average estimation error are kept
below the quality parameter by orders of magnitude.

Approximated Exact Algorithm
Graph Type VI IE| Diamy (G) Running Time (in secs.)
p2p-Gnutella04 Directed 10876 39994 39 257.8975
Cit-HepPh Directed 34546 421578 42 4455.429
p2p-Gnutella3l Directed 62586 147892 42 9692.5041
socfb-Berkeleyl3  Undirected 22900 852419 33 15271.9312

Table 1
Dataset details for the real-world graphs

Our implementation uses Python 3.7 language, the NetworkX library for graph manipulation, and the NLOpt library
for the computation of the minimization function in Theorem 3. The NetworkX library provides an exact algorithm
for the percolation centrality which we use to compare with our approximation algorithms. The experiments were
performed on a 2.6 MHz Intel Xeon E5-2650v2 octa core with 48GB of RAM and Ubuntu 14.04 64-bit operating
system.

In all experiments in graphs of Table 1, we set the percolation state x,, for each v € V, as a random number
between 0 and 1 and the weights of each edge e € E as an integer random number between 1 and 100. We set the
parameters 6 = 0.1 and ¢ = 0.5 (as suggested by [13]). These parameters remain fixed. We set the accuracy parameter
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as ¢ = {0.1,0.08,0.06,0.04,0.02} and the constant for the geometric sampling schedule g = {1.2,1.5,2.0}. We
perform five experiments in the combination of parameters € and g. We report the results of the running time and the
size of the sample attained by the progressive sampling schedule in Tables 2, 3, 4 and 5, where each table is associated
to one of the real-world graphs described in Table 1.

Progressive

Sample Size Fixed Sample Fixed

Sometont (Initial Sample €—-n Final Samp!mg Running Time  Sample
constant Final Sample) Running (in secs.) Size
Time (in secs.) :
350 -0.00001166
12 10 0.001573009  0-098426091 11.76664
350 -0.000012202
0.1 15 s 0.014120348¢  0-0858796514 13.38731 10.62395 416
350 -0.00000943
2 699 Coorraresy 00722524602 17.53773
504 -0.000009637
1.2 605 0001027134  0-078772866 15.04645
504 -0.00000974
0.08 15 J56 0011037805  0-068962175 21.94075 16.61353 649
504 -0.000009834
2 1008 0.021745709 0058254291 25.03958
819 -0.000009936
1.2 083 0000889705 0-059110204 27.16701
819 -0.000009997
0.06 15 1999 000804900y  0-051950778 31.63912 29.54515 1154
819 -0.000010057
2 1628 0015012334  0-044087666 43.98850
1664 -0.000010195
1.2 1997 0.000567447 01039432553 53.29527
1664 -0.000010281
0.04 1.5 2496 0005180ls  0:034817851 61.23428 65.21671 2505
1664 -0.00001037
2 3328 0.010200545  0-029709455 82.76411
5909 -0.000010685
1.2 7091 000026447, 0-019735529 176.70750
5909 -0.000010748
0.02 1.5 8863 0000474335  0-017525662 219.01537 257.03656 10379
5909 -0.000010807
2 11817 0.004046187 0015053813 300.53190

Table 2
p2p-GnutellaO4 Graph

The highlighted entries in the tables are the cases where the progressive sampling schedule achieved smaller sam-
ples in comparison with the fixed-size sample approach. In all graphs and all values of e, the improvement on the
sample size where obtained by the smallest geometric schedule constant, i.e. g = 1.2. For ¢ = 0.02 and ¢ = 0.04,
the progressive sampling algorithm also acquired smaller samples for g = 1.5, except for the socfb-Berkeley13, which
is the most dense graph among the dataset. The main reason that the fixed-size sample algorithm outperforms the
progressive sampling one when g = 2.0 is that much more pairs of vertices are sampled than necessary, leading to a
value of # that is much smaller than the desired e.

In both approaches, the error of the estimation is within e for all vertices of every graph even though this guarantee
could possibly fail with probability 6 = 0.1. However, in addition to the better confidence results than the theoretical
guarantee, the most surprising fact is that for all graphs used in the experiments the maximum error among the error
for the estimation of each vertex is around 10~!° and the average error among all vertices is around 10~!!, even when
we set the quality guarantee to € = 0.1. We observe that the differences between the error obtained in the progressive
sampling approach and the fixed-size sample approach are within 10~!4. These results are shown in Figures 1 and 2.
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Sample Size

Progressive

Fixed Sample

Fixed

Schedule (Initial Sample e—1 Final 7 Sampling Runming Time  Sample
constant . i Sample) Running (in secs.) Sy
Time (in secs.) .
350 -0.000011661
1.2 0 0001573005 0-098426003 77.43216
350 -0.000012194
0.1 15 5o 0014123353  0-0858766471 91.91335 80.60897 416
350 -0.000009476
2 699 0.027747498 ~ 0:072252502 125.93146
504 -0.000009677
1.2 605 0001257004 0078772906 111.36629
504 -0.000009769
0.08 15 . 001103760s  0:068962107 150.96246 129.91781 649
504 -0.000000847
2 1008 0 opiTaseg,  0-058254314 188.53688
819 -0.000009956
1.2 083 0.000889777 0.059110223 183.27423
819 -0.000010018
0.06 15 1500 0.0080402 00519508002 245.20033 222.75616 1154
819 -0.000010088
2 1628 0015010005 0-044087705 302.89113
1664 -0.000010235
1.2 1997 0000567401 0039432599 360.51697
1664 -0.000010337
0.04 1.5 5496 000518000 0034817915 486.70175 493.08546 2505
1664 -0.000010431
2 3328 0010200473  0-020709528 616.52572
5909 -0.000010808
1.2 2001 0000264345 0-019735656 1327.98216
5909 -0.000010883
0.02 15 2863 0.000araroq 0017525804 1734.40681 2029.62927 10379
5909 -0.000010954
2 11817 000046070  0-015053071 219227154
Table 3

Cit-HepPh graph

Absolute estimated error

All graphs (maximum absolute error)

_1()71()

20 ‘ ‘ ‘ L] —H— p2p-Gnutellaoa (progressive)
— A Cit-HepPh (progressive)
LS = ] —HE— p2p-Gnutella31 (progressive)
—@— socfb-Berkeley13 (progressive)
1 - | ——  p2p-Gnutellaoa (fixed)
—x— Cit-HepPh (fixed)
05 — | —<— p2p-Gnutella31 (fixed)
—x— socfb-Berkeley13 (fixed)
——————
Y & & &

Parameter ¢

Figure 1: Percolation centrality absolute maximum error estimation for g = 1.2.
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Progressive

Sample Size Fixed Sample Fixed

€ Schedule (Initial Sample €-n Final n Samp!nng Running Time  Sample
constant  inal Sample) Running (in secs.) Size
Time (in secs.) ’
350 -0.000011326
1.2 420 0.001574200 0.098425800 35.22300
350 -0.000012007
0.1 1.5 504 0.014120532 0.085879468 44.06515 40.36586 416
350 -0.000012293
2 699 0.027747634 0.072252366 55.88123
504 -0.000009545
1.2 605 0001227216 0.078772784 54.85581
504 -0.000009653
0.08 1.5 756 0.011037899 0.068962101 63.78716 55.63046 649
504 -0.000009766
2 1008 0.021745775 0.058254225 86.09895
819 -0.000009873
1.2 983 0.000889857 0.059110143 2.28515
819 -0.000009939
0.06 1.5 1229 0.008049265 0.051950735 100.22565 101.97880 1154
819 -0.000010012
2 1628 0.015912386 0.044087614 141.78238
1664 -0.000010155
1.2 1997 0.000567474 0.039432526 182.54564
1664 -0.000010273
0.04 1.5 2496 0.005182146 0.034817854 209.05493 225.51281 2595
1664 -0.000010379
2 3398 0.010290510 0.029709490 288.22010
5909 -0.000010795
1.2 7001 0.000264357 0.019735643 614.76785
5909 -0.000010875
0.02 1.5 8863 0.002474201 0.017525799 772.12881 903.45608 10379
5909 -0.000010956
2 11817 0.004946023 0.015053977 1037.35445

Table 4
p2p-Gnutella3l Graph

Average Error (avg+std): progressive sampling vs. fixed-size sample

10711
L5 = \ \ 1 T

—F— p2p-Gnutellaos (progressive)
— = Cit-HepPh (progressive)

| = | | —B— p2p-Gnutella31 (progressive)
—B— socfb-Berkeley13 (progressive)
—A— p2p-Gnutellao4 (fixed)
—A— Cit-HepPh (fixed)
A p2p-Gnutella31 (fixed)
—A— socfb-Berkeley13 (fixed)

Absolute Estimated Error

Parameter ¢

Figure 2: Percolation centrality average error estimation for g = 1.2
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Progressive

Sample Size Fixed Sample Fixed

€ Schedule (Initial Sample e€e—n Final n Samp!mg Running Time  Sample
constant  inal Sample) Running (in secs.) Size
Time (in secs.)
350 -0.000012282
1.2 420 0.001576370 0.098423630 790.94315
350 -0.000009636
0.1 15 594 0014122944 0.085877056 979.45032 695.12026 366
350 -0.000009850
2 699 0.027747135 0.072252865 1315.06880
504 -0.000010015
1.2 605 0.001226759 0.078773241 1150.53222
504 -0.000010129
0.08 1.5 756 0011037425 0.068962575 1429.07482 1064.03995 571
504 -0.000010262
2 1008 0.021745247 0.058254753 1854.15828
819 -0.000010430
1.2 983 0.000889200 0.059110701 1832.42449
819 -0.000010541
0.06 1.5 1229 0.008048669 0.051951331 2279.52619 1876.60577 1015
819 -0.000010637
2 1628 0015911753 0.044088247 3063.31744
1664 -0.000010767
1.2 1997 0.000566874 0.039433126 3668.25732
1664 -0.000010851
0.04 1.5 2496 0.005181580 0.034818420 4573.80160 4222.63659 2283
1664 -0.000010931
2 3328 0.010289983 0.029710017 6170.42000
5909 -0.000011230
1.2 7001 0.000263926 0.019736074 13529.57006
5909 -0.000011290
0.02 1.5 8863 0.002473796 0.017526204 16329.16631 16781.54561 9129
5909 -0.000011347
2 11817 0.004945649 0.015054351 21674.77987

Table 5
socfb-Berkeleyl3 Graph

5.1. Scalability

We run experiments using synthetic graphs in order to validate the scalability of our algorithm, since for this task we
need a battery of similar graphs of increasing size. We use power-law graphs generated by the Barabasi-Albert model
[5] for such experiments. We use a sequence of synthetic graphs increasing in size and compared the execution time
of our progressive sampling algorithm with the exact algorithm provided by NetworkX library and with the fixed-size
sample algorithm.

We also use the NetworkX library for generating random power-law graphs by the Barabasi-Albert model with
each vertex creating two edges, obtaining undirected unweighted power-law graphs with average degree of 2. We set
the percolation states of each vertex as a random number between 0 and 1.

In the experiments we use graphs with the number of vertices » in {2000, 4000, 8000, 16000, 32000, 64000}. The
values of € and g are fixed at 0.03 and 1.2, respectively. The results are shown in Figure 3.

6. Conclusion

We presented a sampling-based algorithm to accurately estimate the percolation centrality of all vertices of a
weighted graph with high probability. The proposed algorithm has expected running time ©@(mlog? n), and the es-
timation is within e of the exact value with probability 1 — 6, for fixed constants 0 < ¢,6 < 1. The running time
of the algorithm is reduced to O((m + n)logn) if the input graph is unweighted. Since many large scale graphs, in
practical applications, are sparse and have small vertex-diameter (typically of size log n), our algorithm provides a fast
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Figure 3: Scalability experiments, with ¢ =0.03 and g =1.2.

approximation for such graphs (more precisely running in ©O(nlog nloglog n) time).

Our results indicate that the proposed approach is practical in real-world graphs, as validated by our experimen-
tal evaluation. The returned estimation errors are many orders of magnitude smaller than the theoretical worst case
guarantee for graphs of a variety of sizes. As expected, the fixed-size sample and the progressive sampling algorithms
are much faster than the exact algorithm. The progressive sampling approach is around 14 times faster for the largest
real-world graph and 42 times faster for the largest synthetic graph. Furthermore, the progressive sampling algorithm
returned good quality estimations using a smaller sample set in comparison to the one obtained by the fixed-size sample
algorithm, leading to improvements on the running time.
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